Unitary representations of a loop ax -\-b 

group, 

Wiener measure and F-function 

>: 

i3 ■ Anton M. Zeitlin* 

Department of Mathematics, 
Yale University, 
442 Dunham Lab, 10 HiUhouse Avenue, 
New Haven, CT 06511 

May 8, 2012 



Abstract 

We construct a family of irreducible unitary representations of the loop 
affine group of a line {ax + b group) with central extension on the Hilbert 
space of square integrable functions with respect to the Wiener measure. 
We relate the matrix coefficients of the elements of the loop ax + b group 
to the loop analogue of the F-function. 



1 Introduction 

There are two low-dimensional non-compact groups of high importance in rep- 
resentation theory: Heisenberg group and ax + b group, the latter being an 
affine group of a real line. The representation theory of these groups reflects 
major difficulties arising in the study of noncompact real Lie groups of higher 
dimensions (e.g. irreducible representations are infinite-dimensional). The rep- 
resentation theory of the Heisenberg group (see e.g. [15]) is fairly standard and 
governed by Stone-von Neumann theorem, while the representations of aa; -I- 6 
group (which we will refer to below as G) are more subtle and interesting due 
to their relation to the special function theory [16]. 

The representations of the loop counterpart of the Heisenberg group has 
been studied for a long time and they become an important element in the 
representation theory of affine Lie algebras and the theory of vertex algebras. 

In this article we study the representation theory of the loop counterpart of 
the ax + b group (flG) and its central extension (G). We construct the unitary 
representations of QG, which naturally generalize the irreducible representations 
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of G. The irreducible unitary representations of G divide into three classes (up to 
equivalence). The first two classes contain infinite-dimensional representations 
and there is only one representation in each class, however the third class consists 
of 1-dimenional representations, labeled by the real parameter. 

The infinite dimensional representations of G can be realized in the Hilbert 
space Z/^(M+, ^). The construction of these representations is given by the 
canonical construction of induced representations (see Section 2 or [5]. [16] for 
more details). However, in the case of loop ax + b group the situation seems 
to be more subtle. We take the L? space with respect to Wiener measure as 
a representation space. The unitary representations, which we construct, are 
labeled by a certain function. We prove that certain representations in this 
class (e.g. when this function is constant) are irreducible. We do not classify 
all unitary representations of G in this article. However, we make a conjecture, 
which we support by examples, that all the unitary representations of G divide 
into three classes, as well as in the finite dimensional case. 

It is worthy to note of another construction of irreducible unitary representa- 
tions, started by Gelfand and coworkers in [4], where the authors study unitary 
representations of more general current groups without central extension. These 
representations are constructed via the so-called multiplicative integral of rep- 
resentations. It would be interesting to find the relation of our representations 
and the ones studied by the authors of [4] . 

An interesting issue, which we address in the second part of the article is 
based on the mentioned relations of the representations of group G and the 
theory of special functions. It is known that the representations of G are re- 
lated to F- and B- functions [16]. Therefore, we may hope to construct their 
loop counterparts while studying the associated loop group. In this article we 
make a first step in this direction. Namely, we use the fact that one can relate 
via the bilateral Laplace transform (which is a modification of the standard 
Fourier transform) the action of the group element of representation of G in the 
representation space with the integral operator with the kernel, expressed as 
F-function. For the classical Wiener measure, one can define a certain analogue 
of the Fourier transform. Then, considering the action of the group elements in 
the representation space of G, in such a way we obtain a functional, which is a 
generalization of F-function. It turns out that this functional, denoted as F^, 
which depends on some function ^, such that /u(w) > on [0,27r], has a prop- 
erty which generalizes the famous property of the F-function: r(a; + l) = a;r(a;). 
Namely, we have: 

I 9{v)n{v)tfj,{z + 5y)dv = I g{v)z{v)dvt^{z) + 
Jo Jo 

where g(v) is any twice differentiable function on [0,27r], such that g{Q) = 
g{2iT) = and 6^ = 5{u — w) is a delta-function on the interval [0, 2it\. 

The outline of the paper is as follows. In Section 2 we remind the represen- 
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tation theory of ax + b group and its relation to the theory of special functions. 
Section 3 contains basic facts about the classical Wiener measure. In Section 4 
we define the path and loop groups associated with ax + b group and construct 
unitary representations of those. Section 5 is devoted to the relation of these 
representations to the loop generalization of the F-function. In Section 6, some 
of the many possible directions of further study are discussed. 

2 Unitary representations of the afRne group of 
a line and F-function 

In this section we remind the reader of all the necessary facts about the uni- 
tary representations of ax + b group, which is the afhne group of the real line. 
In other words, each group element g = g{a, b) is determined by the pair of 
real numbers a, b such that a > 0. The composition law is defined as follows: 
g{ai,bi)g{a2,b2) = 5(0102, + ''i)- In the following we will call this group 
G. 

The unitary representations of this group are constructed by means of method 
of induced representations. Consider the representation rx of the subgroup B 
of G generated by ^(1, 6)-elements, such that r\{g{l,b)) = e^** (here A is com- 
plex). Then according to the construction of induced representations we have 
to consider the space of complex valued functions on G, i.e. f{g{a, b)) = f{a, b) 
such that 

/(a,6 + 6o) = e^''°/(a,&). (2) 

Therefore /(a, b) = e^^ f{a, 0) i.e. the function / can be expressed in terms of the 
function (^(a) = /(a, 0) on the subgroup A generated by g{a, 0)-elements. Then 

the operator of induced representation R\ acts on f{g) as R\{ga) f [g) = f{ggo), 
and the resulting formula for representation on the functions 4>{a) is; 

i?A(.9o)0(a) = e^^'Xaoa), (3) 

or, in other words, since the space of functions 4> is just a space of functions 
on the ray < a; < 00, we have R\{g)(j){x) = e^^^(f){ax). One can consider the 
invariant measure on A, it is just Then the following theorem is valid. 

Theorem 2.1. i) Representation Rx of G is unitary on L^(M+, — ) if Xg iR. 

ii) Representations Rx and R^sx equivalent i/^ (E M. 

Hi) Consider a semigroup G+(resp. G-), consisting of such g {a, b), that b> 
(resp. b < 0). Then Rx with A G C, such that ReX < (resp. ReX > 0) is a 
representation for G+(resp. G-) onL^(IR+,^). 

As a consequence, one can see that there are only three classes of unequiv- 
alent unitary representations Ry. R±i and Rq. The representations R±i are 
irreducible, while Rq decomposes into the direct integral of 1-dimensional rep- 
resentations Tp, such that Tp{g{a,b)) = o^p. One can show that any other 
irreducible representation of G falls into one of the classes R±i, Tp. 
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In order to generalize representations Rx to the loop case, it is useful to 
consider another form of the representations Rx. Namely, instead of the space 
Z/^(]R_)-, ^) one can consider L^{M.,dt), by substitution a; = e*. Therefore, the 
formula for the representation Rx can be rewritten as follows: 

Rx{9{e'',b))m = e'^'"'f{t + a), (4) 

where / e i^(M, dt) and we represented a as e". 

Now we discuss the relation of the representation Rx and F-function. It 
is well known, that a bilateral Laplace transform (or Fourier transform in the 
complex domain) 

£/(p) = 4= / ^'"'fm^ (5) 

where p is a complex number, has the inverse: 

C-'git) = 4= / ^~''"9{p)dp, (6) 

where T is a real number, so that the contour of integration is in the region of 

convergence of g{p). Therefore, if one can make sense of LRxL~^ , it gives us a 
representation, equivalent to Rx- Let V C iy^(M) be the space of C°° functions 
with finite support. 



Proposition 2.1. [16] The bilateral Laplace transform of an element of V 
is an analytic function in the entire complex plane of exponential type, i.e. 

\Lf{x + iy)\ < Ce''!*'!, where C > 0, 6 > 0. At the same time, the inverse 
Laplace transform of such analytic function belongs to V. Moreover, we have 
the following property: 

[ \jCf{x + iy)\^dx<^, (7) 

where f gV. 



We notice that T> is invariant under the action of the operators Rx{g)- Let F(2;) 
denote the F-function: 

r{z) = / e-^'x^'-^dx. (8) 
Jo 

Then we have a Proposition. 

Proposition 2.2. [16] i) Consider the action of the CRx{g)C~^ on CD, when 
g = g{a, b) G G+ and A < 0. Then 

CRx{9)C-^f{ti) = ^ I T{iti - it2)a-''' (— ) '*'"*V(i2)dt2, (9) 
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where f is an analytic function on C of the exponential type. 

a) One can analytically continue the expression above with respect to —Xb to all 

complex plane except for negative real axis. 

We note, that we intentionally subdivided Proposition ii) into two statements. 
As we will see, in the loop case we will have i) only. 

3 Classical Wiener Measure: a reminder 

Notation. In the following we will use several functional spaces, so let us 

fix notations. Let /i be the cr-additivc measure on some space X. Then we 
denote as L^{X,dii;k) the Hilbert space of square- integrable complex- valued 
functions (here k stands for C or M). Since in the most of cases we will deal 
with L'^iX, dfi; C), wc drop C, i.e. L'^{X, d/i) = L'^{X, dfi; C). The space of real- 
valued continuous functions on the interval [a,b] will be referred to as C[a,b]. 
Finally, the space of real- valued absolutely continuous functions on [a, b] , i.e. 
differentiable fimctions from C[a, b], whose derivative belong to L'^{[a, b],dx; M), 
where dx is the Lebesgue measure on [a, b] will be denoted as C'[a, b]. 

3.1. Brief review of the abstract approach. In this section wc collect all 
the necessary facts about the Wiener measure. For a more detailed exposition 
of this subject one can consult [12], [10], [6], [13], [8]. 

Abstract Wiener measure is a Gaussian measure on a Banach space with 
certain properties. The construction is as follows. Start from Hilbert space 
y, and consider a Gaussian measure associated with the unital operator and 
the norm || - || on the Hilbert space, such that heuristically measure can be 
represented as follows: 

dw* e~^[dx]. (10) 

However, this Gaussian measure is not tr-additive. In order to make it a- 

additive, one has to consider a weaker norm | • | with certain conditions on 
it with respect to measure dw*. Then one can consider a completion H with 
respect to the norm j • j. This will give a Banach space B. Now the gaussian 
measure dw^ can be extended to the Banach space, where it becomes cr-additive. 

The important example, which we will consider in the next subsection, is 
constructed as follows. Take the Hilbert space Co[0, 27r] of real valued ab- 
solutely continuous functions, such that x(0) = for any x G Co[0,27r] and 
Jq^ {x'{u))^du < 00. The inner product is given by: {xi,X2) = J^^ x'i{u)x2{u)du. 
Then one can consider the weaker norm on this space: |a;| = sup„gjg 2^]a;(w). 
The completion of Cq[0, 2tt] with respect to | • | is the Banach space Co[0, 27r] of 
real valued continuous functions such that x{Q) = for any / G Co[0, 2it]. 

It appears that the norm | • | satisfies all necessary properties and therefore 
there exists a cr-additivc Gaussian measure dw* on Co[0, 27r]. This measure is 
called classical Wiener measure. In the next subsection we will give its direct 
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construction, using another approach. 



3.2. The construction of the classical Wiener measure and its ba- 
sic properties. Consider the space of continuous functions Co[0,27r]. Let 
Co,j(:[0, 27r] denote the closed subspace of Co[0, 27r], consisting of real valued 
continuous functions such that x{2n) = X for some X e M. 
The following subsets of Co[0, 27r] are called cylinder sets: 

{x e Co[0,27r] : x{ti) gAi,... < n < ...T„ < 27r}, (11) 

where Ai,A2,. . .An are Borel subsets of M. 

Definition 3.1. i)The Wiener measure with variance t > is defined on the 
cylindrical sets o/Co[0,27r] as follows: 

w\x{ti) e Ai,...,x(t„) G An) = 
/ .../ Ut{Axi,ATi) . . .Ut{AXn,^Tn)dxi . . .dXn- (12) 

JAi J An 

ii) The conditional Wiener measure of variance t > is defined on the cylinder 
sets of Cq^x [0, 2tt] as follows: 

wI^{x{ti) €Ai,.. .,x{Tn) e An) = 
/ ... / Ut{Axi,ATi)...Ut{AXn,ATn)dXi...dXn-l, (13) 

where Ut{x,s) = j—^e~^^, dx stands for Lehesgue measure on M, Axk = 
Xk — Xk-i, Arfe = Tfe — Th-i, Xq = 0, To = 0. In the case ii) Xn = X, Tn = 27r. 

It appears that the resulting measures are cr-additive and moreover, we have 
the following theorem. 

Theorem 3.1. i)Measure w* (resp. Wx) is a-additive on the a-field generated 
by the cylinder sets in Co[0,2Tr] (resp. Co,js:[0, 27r] The a -field generated by the 
cylinder sets in Co[0,27r] (resp. Co,x([0, 27r])^ is the Borel field of this Banach 
space. 

It) w\Co[0,2Tr]) = h <(Co,;f [0,27r]) = Ut{X, 27r). 

One can show that the description of the Wiener measure that we gave in 
subsection 3.1. and the one introduced in this subsection agree (see Section 1.5. 
of [12]). Now we want to relate spaces with respect to Wiener measure and 
conditional Wiener measure. In order to do that, notice the following property. 
If / is an integrable function on Co,js:([0, 27r]) for almost all X, then by the 
definition of the Wiener measure one has: 

/ f{x)dw\x)= f ( f f{x)dw'x{x))dX. (14) 

JCo[0,27r] Jr ^ JCo,x[0,2tt] ' 
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Therefore, we have the proposition, which gives a decomposition of the LF' space 
as a direct integral (for the definition of direct integral see e.g. [16], [14]). 

Proposition 3.1. T/ie Hilbert space of square-integrable functions with respect 
to dw* decomposes as a direct integral: 

L\Co[0,2n],dw')= r L\Co,xi[OM),dwl,)dX. (15) 

Jr 

The following property, which will be crucial in this paper, describes the trans- 
lation property of the Wiener measure and conditional Wiener measure. 

Proposition 3.2. i) Let f be an integrable function on Co([0, 27r]) and y £ 
C^[0,27r], then 

[ f{x)dw\x) = 

^Co [0,271-] 

/ /(a; + y)e-i/o"'^'(")'^^(")-5t/o"'?''(«)?''(«M"du;*(a;) (16) 

iCo [0,271-] 

where J^^ y'{u)dx{u) is a Stiltjes integral. 

ii) Let f be an integrable function in Co,x([0, 2??]) and y as in i), such that 
y(27r) = Y then, 



/ f{3:)dw*x+Y{x) = 

JCo,x+yIO,2-k] 

[ f{x + y)e-T:^o'v'i^)dxiu)-^f^^y'{u)y'{u)du^^t^^^y ^^j-^ 



The space of Wiener measure translations, i.e. Cq[0, 27r] is usually called 
Cameron-Martin space. 

3.3. Fourier- Wiener transform. One can define a unitary operator on 

space for any abstract Wiener measure, which is similar to Fourier transform. 
We will need it only in the case of measure dwQ on Co,o[27r]. The formula is as 
follows: 

Ff{y)= I f{x + iy)dwl\x) (18) 



JCo,o[0,27r] 



Here / e L^(Co,o[0, 27r], rf^o)- The inverse transformation is given by the chang- 
ing sign of y in the formula above. 

Theorem 3.2. The operator F is unitary on L^(Co,o[0, 27r], diUg). 
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4 Unitary representations of the path and loop 
versions oi ax -\- b group 

4.1. Path groups and loop groups associated to G. In this subsection we 
will define all the path and loop groups, which we study in this article. 

At first we define the path group PG. Let us consider a set of elements of 
the form g(e", b), where a and b are real valued absolutely continuous functions 
on [0, 2?:]. We can define the bilinear operation as follows: 

5(e«i , 6i) • g{e"- M) = g{e"'+"' , e"' 62 + &i), (19) 

where e°'^b2 stands for pointwise multiplication of the absolutely continuous 

functions e"i and 62- It is clear that the operation is well defined and satisfies 
the group laws. Let us denote the group which is a set of all such elements 
g(e",6) as PG. 

In the following we will sometimes need a to be in Cameron-Martin space for 
Wiener measure, so it is useful to introduce the based path group PqG C PG, 
generated by g{e",b), where a(0) = 0. 

Similarly, one can define loop groups $1G and HqG. The loop group C 
PG is generated by (e", b), where a, b are such that a(0) = a(27r), 5(0) = 5(27r), 
while the based loop group QqG = PqG fl Q,G. 

Finally, one can define the central extended versions of VlG (resp. fioG). Let 
us consider the elements (?(e", b, s), where s € M and (e", b) S flG (resp. floG). 
Then the multiplication law can be modified in the following way: 

5(e"\6i,s)-g(e"%62,t) = 

g{e"'+"^,e°''b2 + bi,t + s + k / ai{u)a2{u)du), (20) 

Jo 

where k gR. We denote the corresponding group G (resp. Go) and k is called 
central charge. 

4.2. Unitary representations. In this subsection we will describe the unitary 

representations of both PG and ilG, as well as their subgroups PqG and ^qG, 
which are the appropriate generalizations of the unitary representations of G 
which we considered in Section 2. 

We will start from PqG and use the same approach as before, i.e. we will 
use the method of induced representations. Let us take one-dimensional rep- 
resentations of the B-subgroup (i.e. subgroup of elements of the form g{l,b)) 
of the form fx{gii,b)) = e/o"' where A e L'^[0,2Tr]. Following the 
method of induced representations, like we did in the case of group G, we arrive 
to the following formula for the representations on the space of functional on 
the A-subgroup: 

^A(5(e«°, 6o))/(a) = e/o" M»)6o(«)e«Wd«_^(^ ^ ^21) 
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However, in order to make these representations unitary one needs to define the 
proper inner product on the space of functional. In order to do that, one has to 
consider Wiener measure. It is not invariant under translations, so one should 
improve the formiila for the representations in order to make them unitary. Let 
us consider the Hilbert space = I/^(Co[0, 27r], dw*; C). The following state- 
ment is true. 



Theorem 4.1. The following action of PqG on the space of functional of 
continuous functions 

PA(5(e",&))(/)(x) = 

g-it So" «'(")«'(")d«-5t /o^" "'H<ia;(u)g/o" A(u)6(u)e"'''''du _|_ ^22) 

defines the unitary representation of PqG on Hp iff iX{u) G I/^([0, 27r];M). 

Proof. First we prove that this action is actually an action of a group, i.e. 
PA(fl(e"^&l))pA(5(e"^62)) = PA(5(e"^+"^e"l62 + 61)). We check it, writing 
the explicit expressions: 

PA(5(e"S6i))PA(5(e"%62))/(ar) = 

g/-A(K)b.(n)e^«du^(^^^^))^ 

e~it /o" "2(")"2(")dM-7t Sa" "'l(")"'l(«)d"-5T /o^" a\(u)a\(u)du 

g-i /o'"'("i(«)+"2("))d2;(«)g/o"' A(«)(b2(«)e°i<"'+&i(«))e'"(">d« + ai + 02)) = 

PA(e"^+"%e"^62 + 6i)/(x). (23) 

Now we prove that the action px defines a unitary representation for PqG. In 
order to do that we just need to use the definition of unitarity and the translation 
invariance property of the Wiener measure: 

/ PA(5(e", &))(,/)(x)pA(3(e", h)){h){x)dw' {x) = 

JCo[0,27r] 

/ e-ii So" cx\u)c.-{u)du-\St «'(«)d=^(«)/(a; + Q!)5(a: + a)dw\x) = 

JCo[0,27r] 



f{x)g{x)dw{x) = {f,g)H,. (24) 
Thus the Theorem is proven. ■ 

In the following we will denote representations P\{g{e", b)) = px{e°', b). 

Using the same steps as in the proof of the Theorem above one can show 
that analogous fact for the Hilbert space Hp'-^ = I/^(Co,x[0, 27r], dw^; C) and 
group CIqG is true. 
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Proposition 4.1. i) Formula (22) defines a unitary representation offloG 

on H°'^. 

a) Representation p^^ on H^'^^ is equivalent to the representation of pf-^\ on 
Hp'-^^, where r] is absolutely continuous, r]{0) = 0, r?(27r) = Xi — X2. 

Proof. The first part follows from the proof of the Theorem above, while the 
second part is the direct consequence of the translation formula. ■ 

Therefore, all representations are equivalent to the representations on 
7?;" = L2(Co,o[0, 27r], dw*; C), where ^ is absolutely continuous, ^ (0) = 0, C(27r) = 
X. Moreover, one can show that this equivalence does not depend on the choice 
of such ^. 

However, we note here, that since OqC C PoG, the Hilbert space is a 
representation space for ^IqG too. Therefore we have a Proposition. 

Proposition 4.2. The representation p\ ofQoG on is the direct integral of 
the representations of^oG: 

Px = r PxdX, (25) 
Jr 

where p^ is equivalent to p\^ such that \x = e^A, ^ € C"[0,27r] and ^(0) = 0, 
C(27r) = X. 

Proof. The proof follows from the decomposition of H^: 

H°= H°'^dX (26) 

and Proposition above. ■ 

In order to define the representation of PG and QG one needs to extend the 
Hilbert space, i.e. one has to consider the Hilbert spaces Hp = L^(Co[0, 27r] 
M.,dw* X dxo;C) and Hi = iy^(Co,o[0, 27r] © M.,dw* x dxoiC), where dxo is the 
Lebesgue measure on M. We also note that every element (e" , b) of PG (resp. 
QG) can be represented as (e",6) = (e^^e",?)), where ao = 0^(0) and a{0) = 0. 
Then the following theorem is true. 

Theorem 4.2. i) The following action of the group element g{e°',b) on the 
space of functionals of x{u),xq: 

pPxie",b){f)ix,xo)^ (27) 

e-i: /o' «'(«)«' («)d«-i S^' a'(«)da;(«)g/(f" \{u)b{u)e'"--^+^o iu + a, Xq + Q!o) 

defines a unitary representation of PG on the Hilbert space Hp iff X S iL^([0, 2tt]. 
ii) The formula (27) defines the unitary representation p\ ofVtG on the Hilbert 
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space HiiffXe iL^{[0,2Tr];M.). 



Note that representations fi^, p\ are equivalent to /9gt>,, /9gt>, correspondingly, 
for any t G M. In particular, in the case when A = const there exist only three 
inequivalent classes of unitary representations of PG (fiG), corresponding to 
po, Pi, p-i respectively, like it was in the finite dimensional case. 

4.3. Central extension and Lie algebra generators. In this subsection 
we will construct the unitary representations of groups G on Hi. Let (e", b, s) 
be an clement of G. Let us consider the following action of this element on the 
function Hf. 

p'A,fe((e", b, .s))(/)(.'j;, xo) = e''e-it «'(«)«' («)d«-i J^^ a'{u)dx{u) 
gife/- aWd.(«)g/- A(„)6(„)e^(")+^0d„_^(^ + a,xo + ao). (28) 

Theorem 4.3. Formula (28) defines a unitary representation of G for the cen- 
tral charge /c € M, and A G iL^([0, 27r]; M). Representation p^ ^.i^x ^ 'is equivalent to 
p\k ^fi ^s absolutely continuous function on [0, 2tt], such that ^(0) = ^{2tt). 

Ignoring xq dependence in (28), one can define the unitary representation of 
Go on Hi , for which we will keep the same notation j, . 
We also mention the following important statement. 

Proposition 4.3. Operators ki^""^ > 0' ■^i) ^''^^ P\ -ki^"^ ' ^' '^2) corresponding 
to the action of the A subgroup of G commute. 

The proof follows from the formula (28) by direct calculation. 
One can write down the expressions for the Lie algebra generators. As we can 
see, the generator which is responsible for the action of the "S-subgroup" has 
the form: 



nf{x, xo) = 4- ^b, 0) = r X{u)b{u)e-^-^+-'>du. 

U£\t=o Jo 



(29) 



It is well-defined for all the functionals f{x,xo) G Hi such that e^°f{x, Xq) G Hi. 
However, the a-subgroup generators are more peculiar: 

Dk,af{x) = -^ pi,fc(e-,0,0)= (30) 

{ik / a{u)dx{u) + — / a' {u)dx{u))f{x) + — f{x + ea,xo + eao). 
Jo 2t Jo "e|e=o 

Therefore the action of the Lie algebra element Ta is defined only on the set 
of weakly differentiable functionals, which form a dense subset in Hi. In the 
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notations of variational calculus, one can introduce the operators: 

Da.kio^) = ao- 1- / a{u)——-du+— / a' {u)x' {u)du ■ 

oxo Jo ox{u) 2t 







/.27r 

ik I dua{u)x' {u)du, 
Jo 

Tb= A(M)6(«)e^«+^(")du. (31) 
Jo 

One can see that (31) satisfies the needed relation: 

[D^,,k,Dc,,,k] = -2ik a[{u)a2{u)du, [D^,k,Tb] = T^b- (32) 
Jo 

Finally, we notice that 

[Dk,a,,D.k,c.,]=0. (33) 
This is just a paraphrasing of the Proposition above on the Lie algebra level. 

Finally, let us consider the following two semigroups of G+ , (?_ G G, such 
that they consist of group elements S((e", 6), where b{u) > or b{u) < for all u 
correspondingly. We mention the following important statement, which we will 
use in the next section. 

Proposition 4.4. Let ImX,ReX e Z/^([0, 27r]; M). Then (28) defines a repre- 
sentation of the semigroup G+ (resp. G-) if ReX{u) < (resp. X > 0) on 
[0,27r]. 

In the following we will denote the representations of G+,G- the same way, 
namely p^. 

4.4. Irreducibility and classification of unitary representations. In 

Section 2 we learned that the irreducible unitary representations of G turn out 
to be equivalent to either R±i or Tp. In this subsection we will show that repre- 
sentations p';^ J, such that A(w) = A, where A G M\0, arc irreducible. Moreover, 
we will talk about the classification of all irrieducible unitary representations of 
G. 

Theorem 4.4. Representations p^/., such that X{u) = A G M\0 of G (Go) on 
Hi (Hi), are irreducible. 

Proof. We will prove this fact for Go, because the proof for G requires just a 
minor modification. 

If J, is not irreducible then there exists such bounded operator P, which 
commutes with the action of Go- Let us show that such the operator P should 
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be proportional to identity operator. Due to the continuity of P we have the 
relation PTZb = TZ^P, where TZb is a bounded operator on corresponding 
to the multiplication of the functional e'/o^" e for any b{u) S 
L^([0, 27r];M). Let us consider the expression: 

r ^ 

fN{x)= Vc„e/o'«"(")^(")'^"+^/o'^^*"'«"(")'^»d<(2/), (34) 

iCo,o[0,2,r] 

where ^„ are any continuous functions on [0, 2tt] and c„ are some constants. The 
function fN{x) is bounded and commutes with P. One can see that the bounded 
functional gN^s) such that /n^x) = gN{e^) is actually a Fourier- Wiener trans- 
form of the function hN{y) = J2n=i^'"'^^iIo^ ^niu)yniu)du). Now consider 
any functional g{x) G H^, which is bounded, then g{e'^) = f{x) is also bounded. 
Therefore we see that one can construct any functional of the form g{e^) on 
Co,o[0, 27r] as a limit of certain functionals /jv like in (34), because the space 
spanned by exponential functions ^,^{u)y{u)du ^ where ^„ € _L^([0, 27r], R), is 
a dense set in Since P is continuous, this means that it commutes with 
any bounded functional of the form g{e^). At the same time, these functionals 
are dense in the set of all bounded functionals f{x). In order to sec that, take 
a functional s„ = e- /o" ''("^(^""'"'-i)''". Then lim„^.oo s„ = g^/o" 
Since the space spanned by exponential functionals of the form e'-^o" 
where rj S L^([0, 27r], R) is dense in Hi . then bomided functionals of the form 
g{e^) are dense in the space of all bounded functionals of x. Hence, P has to 
commute with all bounded functionals and therefore, the action of P on Hi is 
equivalent to the multiplication on a function a{x), which has to be bounded 
(since P is bounded) a.e. with respect to dwj . Since P has to commute with 
the action of the A-subgroup we find that a{x) can only be a constant. In such 
a way j. is irreducible. ■ 

One can prove that if i\ is either a positive or negative function from 
Z/^([0, 27r], M), the representation is also irreducible. However, if \{u) — 
p\ /, reduces to the representation of the A-subgroup, i.e. the representations of 
the loop Heisenberg group. It is not irreducible since [p\ ^.(e"^ 0, s), pj^ _;j(e"^, 0, t)] = 
0. To author's knowledge the classification of the unitary representations of the 
loop Heisenberg group is not yet known (see e.g. [3] for review of the sub- 
ject). The same argument as in the Theorem 4.4, shows that if X{u) = for 
u e [a, b] the representation p^ is not irreducible. Therefore, we make the 
following conjecture about the classification of the irreducible representations 
of G. Hence the irreducible unitary representations of G which we considered, 
are either equivalent to the representations of the A-subgroup, or equivalent to 
the representations p\ i^, where i\ e L^([0, 27r], R) is strictly positive or nega- 
tive function on [0, 27r]. Moreover, we know that pjs^ and p^^^ are equivalent 
to each other if ^ € Cq o[0, 27r]. Therefore, an interesting problem to study is 
the classification of all finite-dimensional representations of G. A reasonable 
conjecture (in the analogy with the finite-dimensional case) would be that the 
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three discussed classes of representations, namely p\ for positive and negative 
A and irreducible unitary representations of loop Heisenberg group exhaust all 
irreducible unitary representations of G. 

Remark. We hope (see the last section for more details) that the representa- 
tions /oji^ J. of G for constant A are closed under suitable "fusion" tensor product 
in the analogy with representations R\ of G. 

5 (Loop) F-function and the action of the afRne 
loop group 

5.1. Fourier transform for the classical Wiener measure. In this section 
we consider the generalizations of the formula relating the action of the group 
G and the F-function (see section 1). In particular, we will introduce a new 
object, which we will refer to as loop T- function. In order to do that one needs 
to construct the generalization of the Fourier/Laplace transform in the case of 
Wiener measure. We already have seen a unitary transformation on the 
space for the abstract Wiener measure, called Fourier- Wiener transform, but 
we will choose another transformation here. 

Let us consider the following transformation on the Hilbert space iJ^*: 

J'f{p)= [ e'^o'^^-^^^-^''^f{x)dwUx), (35) 

>/Co,o[0,27r] 

where p{u) G C[0, 27r] and p(0) = p(27r) = 0. Unlike the usual Fourier transform 
for Lebesgue measure on a real line, transformation J" is not a unitary operator. 

Proposition 5.1. The operator T is a compact normal operator on Hf with 
no zero eigenvalues. 

Proof. The general condition [1] for the general integral operator 
K : L'^{X,dix{x)) L'^{Y,du{y)), such that 

Kf{y)= [ K{y,x)d,ji{x) (36) 
Jx 

to be compact is that j J \K{x,y)\'^diJ,{x)dh'{y) < oo. In order to prove that 
it is normal, i.e. J-J-* — T*J- one just needs to write explicitly the resulting 
expressions and then use the Fubini theorem. To show that the operator T has 
no nonzero eigenvalues, one needs to use the fact that the exponentials of the 
form e-^" " (u)dx(u) ^ where a{u) is absolutely continuous, form a dense subset in 
[10]. ■. 

Taking into account that is a normal operator and using the polar decom- 
position theorem, one can decompose it as = Uj^K, where Ujr is a unitary 
operator on and K is compact self-adjoint operator, such that K = \/TT* . 
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It is obvious that the operators T and Ujr can be continued to the space Hi . 
At the same time, we define another unitary operator F, which is a standard 
Fourier transform with respect to measure dx^. One can show that T and F 
commute. 



5.2. Loop F-function. Let us consider the following expression: 

p^;^(e",6,s) = (37) 

Since C/jr is unitary, defines an equivalent representation of G on Hi. Be- 
cause of the results of subsection 5.1, on the image of K, one can rewrite it as 
follows: 

p^^^^ie", b, s) = b, s)T*K-\ (38) 

Here K \s a. fixed self-adjoint operator, so we are interested in the object 
Tp\f.{e°',h)T*. We consider the case when (e",6) in G+ and JmA = 0, 
ReX{u) > 0. Let us write it down explicitly: 



M^fc(e",&, s)r*f{x,xo) 

JC, 



g'"g-4tJo " v»;" I,";"" f g-«/o^''(p(«)^("))rfWg-i /o^" «'(")dp(M) 

Co, [0,271-] 

gifc/jf' a(«)dp(«)g/„=^" A(«)6(«)e''<"'+='°d« 

j e'So'(p(-)+^(-)y(-)^-f{y,xo + ao)dwl{y)dwl{p). (39) 

JCo,o[0,27r] 

Using the Fubini theorem, one can rewrite it as follows: 

; ,(x - y, xo)e' Hu)y(u)duj^y^ ^ ^ ao)dwl{y), (40) 



f 

JCo,o[0,27r] 



where 



K^^'^ ^{x - y,xo) = e'^e-^fo'-'i^Wi-) (41) 



s,a,6v 

ei/o''p(")(^(«)-y(«))<i«e/o">(«)('(«)e''«+"od« 



/Co.o[0,27r] 



In the case when a is twice differentiable, one can see that the object K^'^ ^(z, xq) 
up to factors independent of a;, y is a particular case of the following functional: 

f^(^)= / g/oX«)^Wd«e-/oX«)«''*"'d«^u;«(p), (42) 

iCo,o[0,27r] 

where Rez,Imz e L'^{[0,2Tr];R), p. € ^^([0, 27r];R). We will call f^(z) a loop 
Gamma function or simply T- functional. It has the following properties. 
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Theorem 5.1. 

i) r^(-z) is well defined for any Rez, Imz S L^([0, 27r]; M), /x e L^([0, 27r]; R) and 
fi{u) >0 on [0,2n]. 

ii) The following relation is valid: 

p'2tt /'27r 

/ 9{v)ll{v)t^,{z + 5y)dv = I g{v)z{v)dvt f,{z) + 
Jo Jo 

where g(v) is any twice differentiable function on [0,27r], such that g{0) = 
g{2iT) = 0, = S{u — v) is a delta-function on the interval [0, 27r] and 

lo" ^^""^I^^i^^^^ = ^|e=o^/'(^ + ^'^y continuous function ^. 

Proof. An important step in the proof is the consideration of the infinites- 
imal form of the translation invariance. Let / G such that it is weakly 
differentiable. Then we have the following property: 

[ e- A /o^' .=s'(«)s'(«)d„+i /- .g"(«)x(«)d„ ^ eg)dwl{x) = 

JCo,o[0,27r] 



/ 



f{x)dw\x), (44) 



where g G Coo[0,27r]. This is just the translation property (the translation 

is with respect to function eg), where e is some real parameter. Then, if we 
differentiate with respect to e at zero, we obtain the following formula: 

/ r g"{u)x{u)du)f{x)dwl{x) = 

JCo,o[0,27r] ^5 JO ^ 



f{x + eg)dwl{x). (45) 



/Co.O [0,271-] «^e|e=0 

Let us apply this property to the integrand of the F-functional, i.e. let f{x) = 
[ {-[ g"{u)x{u)du)F{x,z)dwl{x) = 

JCo,o[0,27r] ^ ^ Jo ^ 

- / X F{x + eg,z)dwl{x) = 

JCo,o[0,27r) "eU=o 

-/ (/ g{v)z{v)dv- ( iJL{v)g{v)e''^''">dv)F{x,z)dwl{x) = 

- g{v)z{v)dvt^{z)+ g{v),x{v)t{z + 5y)dv. (47) 



and 
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Therefore, combining (45), (46) and (47) we obtain (43). 



The property ii) from the theorem above is a natural generalization of the 
property of the ordinary F-function: T{z + 1) = zT{z). Wc notice, however, 
that there is also an extra term, depending on the t-parameter, related to the 
choice of the measure. So, the proper analogue of the functional F would be a 
"regularized" F-function: 

= I e'^e-^dx, (48) 
Jr 

where iJ.,t G R+. It satisfies the equation 

Mr^,t(^ + i) = ^r^,*(^)-i^. (49) 

This function is well defined for all complex values of z. Its relation to the 
original F-function can be obtained by considering t ^ oo limit: 

lim F^,t(z + 1) = /i-^F(^) (50) 

t—KX 

Also, we note here that this function can be related to the matrix elements of 
the representations of G (see Section 2) if we would consider Gaussian measure 
instead of Lebesgue measure on the real line. 

5.3. Laplace transform and representation of the group action via 
ordinary F-function. In the previous two subsections we defined the analogue 

of the Fourier transform for the Wiener measure and then related the action of 
the element of the semigroup Gj^. in the representation p\ i., where X{u) < 0, 

with the F-functional. In this section we relate this action to the ordinary F- 
function: in order to do that we consider the bilateral Laplace transform with 
respect to Xq variable. Therefore, we need to restict the representation to the 
subspace oi D c Hi which consists of functionals f{x,xo), such that f{x,xo) 
is an infinitely many times differentiable function with respect to xq with a 
compact support. Then, if /(x, z) € £D, the result is as follows: 

£pi,,(e",6,s)£-V(x,z) = 

-it So" "'(")"'(«)e~^ So" «'(")da;(u)gife/|f'' a{u)dxiu) 



-I 



gJ-AHK^je^eo+^odu f e-'^P°+'^°>fix + a,v)dvdpo. (51) 

JR+iQ 

Since as we assumed X(u),b{u) > 0, then one can make a change of variables: 
Po ^ V = Po + log(— Jq^ \{u)b{u)e^^^^)du. Then we have: 

Cpi,ie^,b,s)C-'f{x,z) = 

e**e^37 So" «'(«)«'(")e-5t /o^" «'(«)<ia:(M)gifc/|j^'' a(«)dx(«) 

/ Kx,ao,b{^ - v,x{u))f{x + a,v)dv, (52) 

jR+iO 
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where 



J_g-iaot«g(TO-iz)log(-/g^'' A(u)6(«)e'''"') J_ f g,iv{z-v) ^-e'^ _ 
2-77 27r Jr 

p—izao /'27r 

(e-"° / A(u)6(u)e^("))'''-'^r(i(^-t;)). (53) 
Jo 



2n 

Similar to the case of ax + b group, one can extend the action of the group ele- 
ments from G+ to all complex square integrable A and b, such that J^^ A('u)6(u)e^^" 
is not negative. 

Therefore, we have the following theorem. 

Theorem 5.2. The action of the element £p-^ j.(e", &, s)£~^ on CD can be 
expressed via the integral operator (52), with the kernel proportional to the T- 
function (53), as long as aTg{J^^ X{u)b{u)e^^"^) < tt. 



6 Open questions 

6.1. "Vertex algebra" related to the representations ^. The relation 

between highest weight representations of affinc Lie algebras and vertex algebras 
is well-known (see e.g. [2], [7]). Namely, the highest weight modules of the affine 
algebra are modules over certain vertex operator algebra. 

In Section 3 we described the Lie algebra action in the representation space of 
G. We have two mutually commuting Heisenberg algebras and another object, 
which reminds one about exponential operators from the famous Prenkel-Kac- 
Segal construction. It is clear, that in our case, one has to modify in a certain 
way the axioms of the vertex algebra in order to describe the action of the re- 
lations between generators. In such a way this will give us a new object, which 
will be studied in a separate article. 

6.2. Intertwining operators and possible tensor category for j. rep- 
resentations. It is known [11] that the unitary representations of ax-|-& group 
are closed under tensor product. As we discussed in Section 2 there are three 
types of "simple" objects in the category of unitary representations of G. It ap- 
pears that their tensor products decompose as direct integrals of these "simple" 
objects. 

Using the lessons we learned from the study of the representations of the 

reductive Lie algebras and their affine analogues, we hope that the same struc- 
tures would appear in the case of G with several modifications. Namely, we 
expect (this conjecture is due to LB. Frenkel) to have the braided tensor cate- 
gory, where the braiding is related to the value of the central charge. As well 
as in the affine case we hope to have a differential equation governing the in- 
tertwiners, i.e. the analogue of the Knizhnik-Zamolodchikov equation (see e.g. 
[2]). 
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All this will make possible another intriguing relation. It is known (this 
fact is due to Kazhdan and Lusztig) that the braided tensor categories of the 
representations of afRne Lie algebras and the quantum algebras, associated with 
the same simple Lie algebra, are equivalent. It is also known that there exists a 
proper quantum version of the ax + b group, which is called quantum pane. One 
can expect that the resulting braided tensor category of the representations of 
this object, studied in [11], [9] is related to the possible braided tensor category 
of the representations of G. 
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